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§ Vision & Mission
- Closed carbon cycle

- Near-to-zero pollutant emissions

§ Synthetic fuels from
- Renewable electricity

- Alternative carbon feedstocks

- Biomass

§ Funding
- 7 Years (2019-2025)

- > 100 Ph.D. Students (8 disciplines)

§ Aim of this sub-project: Understanding fuel 
effects on combustion and pollutant formation 
using detailed chemistry combustion and pollutant 
formation LES models

Cluster of Excellence – The Fuel Science Center
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Chemistry

§ Multiple Representative 
Interactive Flamelet (MRIF) 
model

§ Chemistry parameterized over 
mixture fraction (1D)

§ Presumed FDF subfilter closure
§ Hybrid Method Of Moments 

(HMOM) soot model

Liquid phase

§ Lagrangian Particle Tracking
- Initial droplet size imposed 

from resolved interface 
simulations

- Sub-models for
• Secondary breakup (KHRT)
• Drag
• Evaporation (Bellan)

§ Interaction with gas phase via 
source terms

Gas phase

§ Fully compressible flow solver
§ Ideal gas law
§ Dynamic Smagorinsky SGS model
§ Additional scalar transport 

equations solved for combustion 
model

4

Spray Combustion LES Model

Mixture fraction

T

Lagrangian particles Mixture fraction field on center plane
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Statistical Soot Modeling

§ Particles cannot be tracked individually
Ø Solving a distribution function instead

Ø Number Density Function (NDF)
§ Usually bimodal due to persistent nucleation

§ NDF evolution is governed by Population Balance 
Equation (PBE)

§ Source terms include subprocesses[1]:
- Nucleation and Condensation of PAH
- Hydrogen abstraction carbon addition (HACA)

- Coagulation

- Oxidation
Zhao et al. Combust. Flame, 133 (2003) 173 -188
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Hybrid Method Of Moments[II]

§ Particles are 3D chains composed of small spherical 
primary particles

ØMulti-variate statistical models
- Volume and surface area used to describe particles 

ØSolving statistical Moments of the NDF

ØSource terms unclosed àAssumptions needed for NDF

Balthasar & Frenklach , Combust. 
Flame, 140 (2005) 130-145
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where Ni are the weights of the delta functions and V i and Si are
the locations of the delta functions in the two-dimensional state-
space, which will hereafter be referred to as abscissas of the delta
functions. P is the total number of delta functions used in the ap-
proximation. In typical moment methods, transport equations are
solved for the moments. However, in DQMOM, the weights and
abscissas are solved for directly. The source terms of the trans-
port equations for the weights and abscissas are obtained from
the source terms of a specified set of moments [7]. However, this
process involves inverting a linear system which is ill-conditioned
when certain sets of moments are used or when more delta func-
tions are used than are needed to reproduce the moments.

In flames with persistent nucleation, the NDF has been found to
be bimodal [3,4]. The first mode corresponds to the small spherical
nucleated particles, and the second mode corresponds to the larger
particles. As shown by Mueller et al. [10], MOMIC fails to capture
the influence of the small particles in predicting mean quantities of
the distribution. On the other hand, DQMOM captures the bimodal
NDF well. DQMOM has been shown to allocate one delta func-
tion for the smallest nucleated particles, which remains virtually
fixed at the nucleated size [9,21]. The remaining delta functions
are allocated to resolving the possibly broad distribution of larger
particles.

In HMOM, these two methods are combined. HMOM seeks to
combine the numerical ease of MOMIC with the ability to cap-
ture bimodality of DQMOM. The new model is based on standard
MOMIC interpolation (Eq. (4)). To capture the influence of the
smaller particles, a delta function is used in addition to the MOMIC
interpolation. Based on the observation above regarding the first
delta function in DQMOM, the delta function in HMOM is fixed in
the two-dimensional state space at the nucleated size. Although in
DQMOM the first peak is not completely fixed, it does not move
much, and no significant error is anticipated with fixing its loca-
tion.

The resulting moments in HMOM are given by

MHMOM
x,y = N0 V x

0 S y
0 + exp

(
R∑

r=0

r∑

k=0

ar,kxk yr−k

)

, (6)

where N0 is the weight of the delta function, and V 0 and S0 are
the fixed location of the peak at the smallest soot particle size.
Note that, just as in DQMOM, the weight of the delta function is
not the number of particles at this size but merely the weight of
the quadrature node used in the representation of the moments
of the NDF. Unlike MOMIC (Eq. (4)), this expression is not easily
inverted for N0 and the coefficients ar,k . However, if N0 is known,
then the expression is easily inverted as in MOMIC. Therefore, as in
DQMOM, the weight of the delta function N0 is solved for directly.

2.3. Source term for the weight of the delta function

In order to solve a transport equation for the weight of the
delta function N0 (Eq. (6)), a source term for the equation must
be derived. As in DQMOM, this source term is obtained from the
source terms of the moment equations. In this section, the deriva-
tion of the source term for the weight of the delta function is
presented.

For first-order polynomial interpolation of the moments (R = 1
in Eq. (6)), the moment interpolation function simplifies to

Mx,y = N0 V x
0 S y

0 + NL V x
L S y

L . (7)

N0 is the weight of the delta function, and a transport equation
will be solved for this quantity. The location of the delta function
(coordinates V 0 and S0) are fixed and assumed to be equal to the
nucleated particle size. The remaining three quantities in the ex-
pression above are obtained by inverting the system with three

known moments. NL is the number density associated with the
second mode (large particles):

NL = M0,0 − N0, (8)

V L is the mean volume of the second mode:

V L = M1,0 − N0 V 0

NL
, (9)

and SL is the mean surface area of the second mode:

SL = M0,1 − N0 S0

NL
. (10)

Implicit in the definitions of these quantities is the choice of
three moments that are solved for: M0,0 (number density), M1,0
(total soot volume), and M0,1 (total soot surface area). One addi-
tional moment will be needed in the derivation of the source term
for N0, bringing the total number of required moments to four
(hereafter referred to as 3 + 1 moments). Note also that this form
of the moments (Eq. (7)) is equivalent to the form in DQMOM with
two delta functions with a fixed location for the first delta func-
tion.

Considering Eq. (7), the general form of the source term for the
moments can be written as

Ṁx,y = Ṅ0 V x
0 S y

0 + ṄL V x
L S y

L + xNL V x−1
L S y

L V̇ L + yNL V x
L S y−1

L Ṡ L . (11)

With the choice of the three of the four moments that will be
solved for given above and the remaining unknown moment, the
source terms for these four moments can be recast as a linear sys-
tem:




Ṁ0,0
Ṁ1,0
Ṁ0,1

Ṁ−α,−β



 =


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Solving the linear system (Eq. (12)), the source term for the weight
of the delta function is obtained:

Ṅ0 =
Ṁ−α,−β

V −α
0 S−β

0

+
( V L

V 0

)−α( SL
S0

)−β(
β

Ṁ0,1
SL

+ α
Ṁ1,0
V L

− (1 + α + β)Ṁ0,0
)

1 +
( V L

V 0

)−α( SL
S0

)−β[
β
( S0

SL

)
+ α

( V 0
V L

)
− (1 + α + β)

] .

(13)

From this equation, the problem with DQMOM is evident. If V L is
about the same as V 0 or SL is about the same as S0, then the
denominator tends to zero. In other words, when the two modes
are close together, it is more difficult to distinguish between them.
Also, even if V L and SL are much larger than V 0 and S0, the de-
nominator tends to zero if α and β are chosen to be near zero.
In other words, information must be known that allows the two
modes to be distinguished. Therefore, in DQMOM, the numerical
inversion of a matrix equation similar to Eq. (12) becomes more
difficult when it is difficult to distinguish between the two modes.

In HMOM, the first problem in DQMOM is avoided by fixing the
delta function such that V L > V 0 and SL > S0 by definition, even
if only slightly. The second problem can be avoided by considering
very large α and β . In the limit that the two are taken to infinity,
the source term simplifies to

Ṅ0 = lim
α,β→∞

Ṁ−α,−β

V −α
0 S−β

0

. (14)

The singularity faced in DQMOM and in the general form for the
source term for the weight of the delta function (Eq. (13)) has been
eliminated by taking this limit. In the next section, the source term
for the weight of the delta function will be derived using this limit.

For higher-order polynomial interpolation (R > 1 in Eq. (6)), the
derivation of the source term for N0 is more involved. However,
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the distribution. On the other hand, DQMOM captures the bimodal
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tion for the smallest nucleated particles, which remains virtually
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N0 is the weight of the delta function, and a transport equation
will be solved for this quantity. The location of the delta function
(coordinates V 0 and S0) are fixed and assumed to be equal to the
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Implicit in the definitions of these quantities is the choice of
three moments that are solved for: M0,0 (number density), M1,0
(total soot volume), and M0,1 (total soot surface area). One addi-
tional moment will be needed in the derivation of the source term
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From this equation, the problem with DQMOM is evident. If V L is
about the same as V 0 or SL is about the same as S0, then the
denominator tends to zero. In other words, when the two modes
are close together, it is more difficult to distinguish between them.
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In other words, information must be known that allows the two
modes to be distinguished. Therefore, in DQMOM, the numerical
inversion of a matrix equation similar to Eq. (12) becomes more
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The singularity faced in DQMOM and in the general form for the
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derivation of the source term for N0 is more involved. However,



Institute for Combustion Technology | M. Davidovic | ECN 6.138

Inert Results (Spray A – 60bar / 1500 bar) - #210667

Numerical Methods and Setup

CFD Code CIAO (In-house)

Solver Fully compressible

Time integration CFD 5-stage LDD-RK

Spatial schemes CFD CD4 / WENO5

Minimum grid spacing 80 µm

Number of CFD cells 50e6 

Time step size (CFD) 20 ns

Number of parcels ~600e3 Underprediction 
of fuel vapor at 
25mm on spray 
axis
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Experiments: S.A. Skeen, J. Manin, L.M. Pickett: Simultaneous Formaldehyde PLIF and High-Speed Schlieren Imaging for Visualization in 
High-Pressure Spray Flames, Proceedings of the Combustion Institute, Volume 35, Issue 3, 2015, Pages 3167-3174
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Reactive Results I/III (Spray A – 60bar / 1500 bar / 15% O2) - #210370

Combustion Model

Dodecane chemistry Cai CNF 2016

PAH chemistry Blanquart CNF 2009a

NOX chemistry GRI3.0

Soot/gas phase interaction chemistry Blanquart CNF 2009b

Total number of species 822

Total number of reactions 4611

Number of flamelets 40

Liquid droplets
T = 1300 K
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Reactive Results II/III (Spray A – 60bar / 1500 bar / 15% O2)

§ Ignition delay and flame lift-off in good 
agreement
- Ignition delay 0.40 ms (2% max OH)

- Flame lift-off 15.2 mm (2% max OH)

§ Formaldehyde field show similar features as 
high-speed PLIF data (Hyung Sub Sim ECN6.12)

OH and CH2O in center plane

16.1 mm ~ averaged flame lift-off from experiments (SNL)

OH mass fraction

CH2OMixture fraction
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Reactive Results III/III (Spray A – 60bar / 1500 bar / 15% O2)

§ Soot onset is in good agreement with experiments
§ Soot mass is underpredicted

Soot mass under predicted by approx. factor 
of 3-4

Experimental values from S. Skeen et al. SAE, 2016
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Summary & Outlook

Summary
§ The Lagrangian spray combustion model has been 

coupled to a bivariate statistical soot model

§ The model has been applied to Spray A yielding good 
results in terms of spray and combustion characteristics

§ However, the soot mass is underpredicted

Outlook
§ Reaction path ways have been recorded throughout the 

LES (All 4611 reactions) 
- PAH and soot formation pathways have been analyzed 

(submitted to CS2020)

§ Multiple realization of Spray A will be performed

§ Trying to run Spray D until ECN7
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